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In periodic quantum systems which are both homogeneously tilted and driven, the interplay be-
tween drive and Bloch oscillations controls transport dynamics. Using a quantum gas in a modulated
optical lattice, we show experimentally that inhomogeneity of the applied force leads to a rich new
variety of dynamical behaviors controlled by the drive phase, from self-parametrically-modulated
Bloch epicycles to adaptive driving of transport against a force gradient to modulation-enhanced
monopole modes. Matching experimental observations to fit-parameter-free numerical predictions
of time-dependent band theory, we show that these phenomena can be quantitatively understood as
manifestations of an underlying inhomogeneity-induced phase space structure, in which topological
classification of stroboscopic Poincare´ orbits controls the transport dynamics.
Spatially periodic quantum systems exhibit an oscilla-
tory response to static forces [1, 2]. Any applied modula-
tion can interact with Bloch oscillations, resulting in phe-
nomena ranging from super-Bloch dynamics [3] to high-
harmonic generation [4]. In this work, we experimen-
tally explore the consequences of breaking the position-
independent character of Bloch oscillations with an in-
homogeneous field, which qualitatively transforms the
phase space structure of the system and generates an ar-
ray of new transport phenomena. The recently-observed
position-space character of Bloch oscillations [5] plays a
key role, admixing an intrinsic self-parametric modula-
tion to all Bloch oscillators.
The experiments we describe use a quantum gas in
an optical lattice. Cold-atom experiments have long
provided a flexible platform for exploring Bloch oscil-
lations and related fundamental features of transport
in crystals [3, 5–10]. Modulated effective electric fields
have been used to investigate Wannier-Stark ladder res-
onances [11], modulation-assisted tunneling [12, 13], co-
herent spatial mode manipulation [14], and super Bloch
oscillations [3], complementing related theoretical stud-
ies [15–20], and parametric lattice modulation has been
applied to the study of quantum ratchet behavior [21] and
large Floquet-Bloch oscillations in hybridized bands [22].
An overview of the experimental context of driven-
lattice transport appears in Fig. 1: modulating the lattice
depth near the Bloch frequency gives rise to an asym-
metric parametrically-varying “convective” group veloc-
ity and net transport during a Bloch cycle. The experi-
ments begin with an optically-trapped Bose-Einstein con-
densate (BEC) of 105 7Li atoms adiabatically loaded into
a 1D optical lattice with lattice spacing d = 532 nm, laser
wave vector kL = pi/d, and recoil energy ER = ~2k2L/2m,
with m the mass of 7Li. Interatomic interactions are set
to zero by Feshbach tuning. The condensate starts in
the crossed optical dipole trap at a position away from
the center of a harmonic potential created by external
electromagnets, so that when the dipole trap beams are
abruptly turned off the atoms feel an inhomogeneous
force and begin Bloch oscillating. All comparisons with
theory are based on a Gaussian ensemble of spatial width
FIG. 1. Transport in a modulated lattice. (a) Comparison
between convective (solid) and static (dashed) group velocity
for a Bloch-oscillating ensemble with resonantly-modulated
tunneling. Shaded area indicates net spatial motion over a
cycle. Insets show exaggerated real-space potential, with tun-
neling indicated by the length and direction of the arrow. (b)
Corresponding convective (solid) and static (dashed) energy
bands. (c) Ordered sequence of absorption images demon-
strating transport against an applied force by a chirped adap-
tive drive (details in text). (d) Theoretically predicted density
evolution under the same conditions as (c).
σx = 50d and momentum width σk = .1kL; this non-
Heisenberg-limited σk is associated with the BEC expe-
riencing inhomogeneous axial forces and consequent mo-
mentum broadening during the adiabatic lattice load. At
t0 = 9.3 ms the BEC reaches the edge of the Brillouin
zone and we begin sinusoidal modulation of the lattice
beam intensity. Following the removal of the optical
dipole trap, the system is described by the Hamiltonian
H =
p2
2m
+
V (t)
2
cos(2kLx) +
1
2
mω2x2 − Fx. (1)
The magnetic trap frequency is ω = 2pi× 15.5 Hz, with
initial local force F = h/TBd and Bloch period TB =
ar
X
iv
:2
00
6.
01
61
2v
1 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 2 
Ju
n 2
02
0
2FIG. 2. Directed Floquet-Bloch transport in an inhomoge-
neous force field. (a) Measured (points) and numerically pre-
dicted (line) mean atomic position as a function of time for a
drive phase ϕ = pi/2. The applied force points towards larger
positive displacements. (b) Similar measurements (points)
and numerical theory (lines) for an initial drive phase ϕ = pi.
A time-invariant drive frequency yields epicyclic motion due
to force inhomogeneity (squares). An adaptive drive using
a frequency chirp suppresses this behavior and extends the
range of transport (triangles, and images in Fig. 1c).
16.75 ms. The time-varying lattice depth V (t) is
V (t) =
{
V0 [1 + α sin(ϕ)] , −t0 < t < 0
V0 [1 + α sin(ωDt+ ϕ)] , t ≥ 0.
(2)
For all runs, the drive frequency is ωD = 2pi× 53.56 Hz;
in the case of chirped driving, this is the frequency at
t = 0. The modulation depth is held at α = 0.24 with
average lattice depth V0 = 4.3ER. Due to the drive
and the force inhomogeneity, the angular Bloch frequency
ωB = 2pi/TB , drive period TD = 2pi/ωD, and tunneling J
are all potentially time-varying quantities. The critical
parameter we manipulate to drive different dynamical
behaviors is the initial drive phase ϕ.
Fig. 2 shows data taken for drive phases experimen-
tally found to be optimal for long-range pumping of the
BEC both with and against the applied force. The re-
sults demonstrate pumping of the BEC over 200 lattice
sites in just 5 Bloch cycles; the large increase in mag-
nitude of transport rate as compared to Ref. [3] can be
attributed mainly to the low mass of 7Li. We observe
optimal pumping along the direction of applied force at
ϕ = pi/2; as discussed below, this disagrees starkly with
a theoretical description based on a homogeneous effec-
tive electric field, which predicts optimal transport along
the direction of force for ϕ = 0 and optimal transport
against the force for ϕ = pi.
The observed dynamics are highly asymmetric in drive
phase. Modulating at ϕ = 3pi/2, exactly out of phase
with the experimentally observed optimal condition for
force-aligned pumping, does not produce directed trans-
port. In experiments with a modulation phase of ϕ =
pi, the cycle-averaged velocity actually changes sign, as
shown in Fig. 2b. This phenomenon is similar to su-
per Bloch oscillations, though here the evolving rela-
tive phase between drive and Bloch oscillation does not
result from a static detuning, but instead from a self-
parametric modulation due to the spatial variation in
Bloch frequency. Put differently, the force inhomogene-
ity eliminates the possibility of a global Wannier-Stark
resonance, giving rise to slow oscillatory transport as a
natural dynamical mode.
An adaptive driving protocol can recover directed
monotonic pumping against an applied force even with-
out a true Wannier-Stark resonance. Figs. 2b and 1c
show experimental measurements of transport produced
by an adaptive drive which includes a chirped drive fre-
quency. Intuitively, the chirp can be understood as stro-
boscopically maintaining the local Wannier-Stark reso-
nance condition for a set of unevenly spaced ladders,
or alternatively as optimizing the cycle-averaged spatial
transport sketched in Fig. 1a by accounting for the av-
erage change in ωB per cycle. These data were taken
with a chirp rate of 115 Hz/s, causing an increase of ωD
by 2pi×2.15 Hz each drive cycle. While here a linear
chirp is shown to be effective for a linearly-varying force,
the results suggest that higher-order, non-monotonic and
piece-wise adaptive driving protocols could serve as flexi-
ble tools for engineering transport in arbitrary force land-
scapes.
Next we discuss a simple analytic model of directed
transport for a homogeneous force; this provides a useful
framework for highlighting and understanding the qual-
itatively new phenomena introduced by force inhomo-
geneity. We consider a tight-binding model in the single-
band approximation. For a sufficiently low-frequency
drive we can define a time-dependent ground band dis-
persion E(k, t) = −2J [V (t)] cos(kd), with tunneling J a
function of the time-dependent lattice depth V , and k the
quasimomentum. In the semiclassical picture, the BEC
moves at the group velocity
vg(t) =
2J [V (t)]d
~
sin [k(t)d] , (3)
where k(t) denotes the time-dependent quasimomentum.
For weak modulation, J varies to first order in time as
J [V (t)] ≈ J(V0) [1− α0 sin(ωDt+ ϕ)], with scaled mod-
ulation index α0 = α|J ′(V0)|V0/J(V0); the prime indi-
cates partial differentiation with respect to lattice depth,
and for our experimental parameters α0 ≈ 1.15α as com-
puted using Mathieu parameter relations for the band
edges [23]. Under this approximation, the cycle-averaged
3FIG. 3. Effect of the inhomogeneity-induced phase space structure on transport. (a) Stroboscopic Poincare´ map for a homoge-
neous force at 6 Hz detuning between drive and Bloch oscillation, showing super-Bloch-like oscillations wrapping the Brillouin
zone. For panels (a) and (b) an 11×11 grid of initial conditions spanning 400 lattice sites and the whole Brillouin zone was
numerically evolved and plotted stroboscopically out to 200TD (longer than our longest experiment times). Colorbar indicates
drive phase ϕ, or, equivalently, initial quasimomentum. Inset shows the stroboscopic Poincare´ map on identical axes out to
6TD for zero detuning, for a single initial position over the whole quasimomentum range; trajectories unwrap yielding linear
vertical transport and two invariant quasimomenta. (b) Stroboscopic Poincare´ map at the same detuning, for an inhomogeneous
force matching our experimental conditions. Note the emergence of nontrivial fixpoints and topologically distinct classes of
orbits. (c) Short-time portrait of the evolution of an ensemble for ϕ = pi/2 (blue time) and 3pi/2 (red time), yielding stable
transport and rapid spreading respectively as a result of the different fixpoint characteristics. The plotted sample is a 21×21
grid spanning 1-σ in both position and momentum. The time colorbars match the definition of t in in Eq. 1 after adding .25
(blue) and .75 TD (red).
spatial transport is
∆x ≈ −2α0J(V0)d
~
∫ TD
0
sin(ωDt+ ϕ) sin
(∫ t
0
ωB(t
′)dt′
)
dt.
(4)
For a homogeneous force, ωB(t) is a constant, and thus
the quasimomentum evolves as k(t) = (ωBt+pi)/d. The pi
offset is introduced to match our experimental protocol.
For resonant driving ωD = ωB , the average velocity is
vg =
α0v0
2
cos(ϕ). (5)
On average the atoms travel at half the characteristic
velocity v0 = 2J(V0)d/~ scaled by the modulation index
α0 and the alignment between drive and Bloch cycles
cos(ϕ). It is clear that ϕ = 0 and ϕ = pi yield maximum
pumping down and up the potential respectively.
For small detuning between drive and Bloch frequen-
cies, this homogeneous model predicts transport over
many periods resulting from the effective evolution of ϕ.
It is useful to compare and contrast these parametrically-
driven dynamics to super Bloch oscillations [3]: both can
be schematically understood as resulting from modula-
tion of the Wannier-Stark length l = 2J/F , either by
modulation of the numerator (this work) or the denom-
inator (Ref. [3]). In the language of nonlinear dynam-
ics, the distinction is between forced and parametrically-
excited oscillators, and our experiment is a quantum
mechanical analogue of a parametrically-excited pendu-
lum [24–26], with angle mapped to quasimomentum and
angular momentum to position, in the regime of purely
rotating solutions.
While the intuitive mechanism for Floquet-pumped
transport in an inhomogeneous force field can still be con-
ceptually understood with this homogeneous framework,
our measurements deviate qualitatively from these pre-
dictions as ωB acquires parametric time dependence from
the time-varying position. The observed optimal phase
for force-directed pumping (Fig. 2a) is in clear disagree-
ment with the constant-force prediction of ϕ = 0; in fact,
Eq. 5 predicts a mean velocity of zero for ϕ = pi/2. The
effect of force inhomogeneity is even more pronounced
when attempting Floquet pumping against the poten-
tial gradient: as shown in Fig. 2b, we observe a rapid
change of the transport direction and no symmetry be-
tween opposite-phase drives. These qualitative discrep-
ancies are due mainly to the failure of the constant Bloch
frequency approximation.
The breakdown of the theory based on a constant
effective electric field motivates the search for a more
complete theoretical description of driven Bloch dynam-
ics in inhomogeneous fields. As a key result of this
work, we show that the qualitatively different dynam-
ics observed arise from a rich underlying inhomogeneity-
induced phase space structure which exhibits a topolog-
ical transition in the character of stroboscopic Poincare´
orbits. To see this, we use a Floquet map formalism,
analyzing the phase-space trajectories stroboscopically
with respect to the drive. Fig. 3a shows the calculated
Poincare´ map for a spatially uniform force and nonzero
drive detuning. Super-Bloch-like oscillatory behavior is
4FIG. 4. Phase-dependent spatial dynamics as a probe of the stroboscopic Poincare´ map. (a) and (c): Time-sequence of
absorption images of an atomic ensemble subjected to drive phases of ϕ = 3pi/2 (a) and ϕ = pi/2 (c). These two phases are
predicted to give rise to topologically distinct Poincare´ orbits with qualitatively different transport dynamics, as shown in Fig. 3c.
(b) and (d): Numerical simulations of the 1D density evolution under the same conditions as (a) and (c). The simulated density is
averaged over independent, Gaussian-weighted 1D trials at varying lattice depths corresponding to transverse variation of beam
intensity. (e) The second moment of the density distribution is plotted versus time for initial drive phases ϕ = 3pi/2 (circles)
and pi/2 (squares). Solid lines show simulated second moment evolution, accurately capturing the asymmetric enhancement
and suppression of curvature-induced monopole modes.
evident: the detuning generates a uniform quasimomen-
tum shift for every point in phase space, and mediates
the evolving phase in the sinusoidal arguments of Eq. 4,
leading to an oscillatory profile of position versus quasi-
momentum. The sign of the quasimomentum shift is de-
termined by whether the drive is red or blue-detuned,
and the constant nature of the detuning ensures that the
Floquet trajectories all wrap the phase space cylinder.
On resonance, a transition occurs where all trajectories
unwrap as the quasimomentum shift vanishes, and each
point undergoes a vertical shift in the position direction
determined by Eq. 5; this is accompanied by the emer-
gence of two fixed lines in the map for quasimomenta
corresponding to initial drive phases of pi/2 and 3pi/2.
The inset of Fig. 3a shows the map for a resonant drive
with starting points at only one initial position, revealing
the invariant quasimomenta.
In the presence of force inhomogeneity, the fixed
lines mentioned above become fixpoints where the drive
meets the (position-dependent) Wannier-Stark resonance
condition, yielding a strikingly different stroboscopic
Poincare´ map, as shown in Fig. 3b. The fixpoints
near k = −0.5 and 0.5kL are center-like and saddle-
like respectively. Here super-Bloch-like transport breaks
down and the system admits a new class of motion not
present in Fig. 3a, namely regular cyclic orbits about the
k = −0.5kL fixed point. In the stroboscopic map, these
orbits have a distinct topology as closed loops which do
not wrap the Brillouin zone cylinder; this emerges due
to the possibility of the now implicitly time-dependent
detuning changing its cycle averaged sign, something not
possible in the homogeneous force case. A topologically
distinct class of super-Bloch-like trajectories wrapping
the Brillouin zone are observed at positions sufficiently
far away from the resonance point.
The Floquet map serves as a powerful intuitive tool
for understanding and predicting the results of inhomo-
geneity in the effective electric field. As shown in 3c,
the experimental ϕ = pi/2 condition is represented by
an ensemble which starts near the stable fixpoint, and
the observed DC transport represents a partial cycle of
the circulatory behavior in which the position spread of
the ensemble is not significantly changed, approximating
the motion of a rigid body. A drive phase of ϕ = 3pi/2,
in contrast, corresponds to an ensemble starting near the
saddle-like fixpoint. In this case the Floquet map dynam-
ics predict rapid divergence along the unstable axis of the
fixpoint, with the ensemble stretching in phase space and
splitting up among orbits confined at the positional ex-
tremes. This corresponds to a maximal violation of rigid-
body-like dynamics, exhibiting oscillations and growth in
higher moments of the spatial distribution.
Our experimental observations confirm these predic-
tions of the stroboscopic Poincare´ map. Fig. 4a and
4c compare experimental image sequences of BEC evo-
lution for drive phases of ϕ = 3pi/2 and ϕ = pi/2 re-
spectively. In the ϕ = 3pi/2 data, an initially local-
ized distribution is observed to rapidly spread, eventu-
ally delocalizing over 600 lattice sites in a highly non-
normal distribution. Here, the drive acts to amplify the
5curvature-induced breathing mode, eventually splitting
the cloud largely into two regions of higher density near
the edge of the distribution. Note that these dynamics
correspond in detail to the predicted ϕ = 3pi/2 evolution
illustrated in Fig 3c. In contrast, the data for a drive
phase ϕ = pi/2, shifted by exactly pi, reveals surprisingly
stable wavepacket transport given the presence of both
significant force inhomogeneity and a strong drive. In
this case, the drive serves the dual role of preserving the
wavefunction spatial mode and inducing transport. Both
cases exhibit good agreement with numerical simulations
of squared-wavefunction evolution shown in Fig. 4b and
4d. The match to theory is quantitative as well as qual-
itative: Fig. 4e compares the evolution of the second
moment of the position distribution to numerical theory
for both drive phases. For ϕ = 3pi/2, the second moment
oscillates and grows rapidly before saturating at nearly
4 times the initial value. This is in stark contrast to
the ϕ = pi/2 case, in which the data display little to no
variation of the second moment over the entire interval.
In conclusion, we have shown that the combination of
an inhomogeneous force with periodic modulation drives
rich new dynamical behaviors beyond those of a pure
Bloch or super-Bloch oscillator. Good agreement with
numerical calculations supports our interpretation of the
inhomogeneity-induced dynamics as arising from a fun-
damental change in the phase space structure of the
Hamiltonian giving rise to distinct topological classes of
Poincare´ orbits. These results point the way to a general
protocol for controlling transport and density evolution
with lattice amplitude modulation even in uncontrolled
force environments. Potential future applications of these
techniques include the generation of spatially squeezed
states, new models for solid-state high-harmonic genera-
tion, and control elements for continuously-trapped atom
interferometry. Since force metrology is an important use
of atomic Bloch oscillations, these results have direct rel-
evance for applications in which the force environment
is both uncontrolled and inhomogeneous. Inclusion of
static or modulated interatomic interactions is an ex-
citing possible direction for future work [27, 28], as is
the effect of quasiperiodic or multiple-frequency driving.
Such a platform would be well-suited for exploring the
correspondence between the breakdown of classical orbit
regularity and non-ergodic many-body dynamics.
The authors thank Max Prichard for experimen-
tal assistance and Erich Mueller for useful discus-
sions. DW acknowledges support from the National
Science Foundation (CAREER 1555313), the Army Re-
search Office (PECASE W911NF1410154 and MURI
W911NF1710323), and the University of California’s
Multicampus Research Programs and Initiatives (MRP-
19-601445). DW and RS acknowledge support from the
UCSB NSF Quantum Foundry through Q-AMASE-i pro-
gram award DMR-1906325.
[1] F. Bloch, Z. Phys. 52 (1929).
[2] C. Zener, Proc. R. Soc. A 145 (1934).
[3] E. Haller, R. Hart, M. J. Mark, J. G. Danzl, L. Re-
ichso¨llner, and H. C. Na¨gerl, Phys. Rev. Lett. 104,
200403 (2010).
[4] S. Ghimire and D. A. Reis, Nature Physics 15, 10 (2019).
[5] Z. A. Geiger, K. M. Fujiwara, K. Singh, R. Senaratne,
S. V. Rajagopal, M. Lipatov, T. Shimasaki, R. Driben,
V. V. Konotop, T. Meier, and D. M. Weld, Phys. Rev.
Lett. 120, 213201 (2018).
[6] M. Ben Dahan, E. Peik, J. Reichel, Y. Castin, and C. Sa-
lomon, Phys. Rev. Lett. 76, 4508 (1996).
[7] B. P. Anderson and M. A. Kasevich, Science 282, 1686
(1998).
[8] M. Gustavsson, E. Haller, M. J. Mark, J. G. Danzl,
G. Rojas-Kopeinig, and H.-C. Na¨gerl, Phys. Rev. Lett.
100, 080404 (2008).
[9] P. M. Preiss, R. Ma, M. E. Tai, A. Lukin, M. Rispoli,
P. Zupancic, Y. Lahini, R. Islam, and M. Greiner, Science
347, 1229 (2015).
[10] A. Alberti, G. Ferrari, V. V. Ivanov, M. L. Chiofalo, and
G. M. Tino, New J. Phys. 12, 065037 (2010).
[11] S. R. Wilkinson, C. F. Bharucha, K. W. Madison, Q. Niu,
and M. G. Raizen, Phys. Rev. Lett. 76, 4512 (1996).
[12] V. V. Ivanov, A. Alberti, M. Schioppo, G. Ferrari, M. Ar-
toni, M. Chiofalo, and G. Tino, Phys. Rev. Lett. 100,
043602 (2008).
[13] C. Sias, H. Lignier, Y. Singh, A. Zenesini, D. Ciampini,
O. Morsch, and E. Arimondo, Phys. Rev. Lett. 100,
040404 (2008).
[14] A. Alberti, V. V. Ivanov, G. M. Tino, and G. Ferrari,
Nature Phys. 5, 547 (2009).
[15] D. H. Dunlap and V. M. Kenkre, Phys. Rev. B 34, 3625
(1986).
[16] Q. Thommen, J. C. Garreau, and V. Zenhle´, Phys. Rev.
A. 65, 053406 (2002).
[17] H. Korsch and S. Mossman, Phys. Lett. A. 317, 54
(2003).
[18] A. Eckardt, M. Holthaus, H. Lignier, A. Zenesini,
D. Ciampini, O. Morsch, and E. Arimondo, Phys. Rev.
A 79, 013611 (2009).
[19] A. R. Kolovsky and H. J. Korsch, arXiv:0912.2587
[quant-ph].
[20] K. Kudo and T. Monteiro, Phys. Rev. A 83, 053627
(2011).
[21] T. Salger, S. Kling, T. Hecking, C. Geckeler, L. Morales-
Molina, and M. Weitz, Science 326, 1241 (2009).
[22] C. J. Fujiwara, K. Singh, Z. A. Geiger, R. Senaratne,
S. V. Rajagopal, M. Lipatov, and D. M. Weld, Phys.
Rev. Lett. 122, 010402 (2019).
[23] M. Holthaus, Journal of Physics B: Atomic, Molecular
and Optical Physics 49, 013001 (2016).
[24] M. Clifford and S. Bishop, Phys. Lett. A 201 (1995).
[25] X. Xu, M. Wiercigroch, and P. Cartmell, Chaos, Solitons
and Fractals 23 (2004).
[26] D. Capecchi and S. R. Bishop, Dynamics and Stability
of Systems 9 (1994).
[27] P. Ribeiro, A. Lazarides, and M. Haque, Phys. Rev. Lett.
124, 110603 (2020).
[28] E. Dı´az, A. G. Mena, K. Asakura, and C. Gaul, Phys.
Rev. A 87 (2013).
